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neuroscience
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Chapter I 

Networks and computations
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“Abstract neurons”
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r
<latexit sha1_base64="1qb5V+gVTmr48xX5QFoNYoYx6ps=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqzTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A4vKNCQ==</latexit>

x
<latexit sha1_base64="+0/KnBDY6fq2bc9O2FgQKLPvD70=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctKvZnHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f7AqNDw==</latexit>

r1<latexit sha1_base64="rRNy2fNlhxRabdxMB2RIQMse17s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ28QbniVt0FyDrxclKBHI1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPUzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1prXlXozj6MIZ3AOl+DBDdThHhrQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwhdja0=</latexit>

r2<latexit sha1_base64="f9nzJDtBJ6SVxxSvsyZzxQcH6CI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD3pQG5QrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4a2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrTWvK/VmHkcRzuAcLsGDG6jDPTSgBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAJ4Y2u</latexit>

r3
<latexit sha1_base64="F+x+/OgGG1JupnbiwQxa13+PGKI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FLx5btLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZ37j09cGxGrB5wm3I/oSIlQMIpWuteD+qBccavuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKpVb16tda6qjRaeRxFOINzuAQPrqEBd9CENjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AELZY2v</latexit>

w1<latexit sha1_base64="CjM7zZaRX5s42Lo603TBh2OAca0=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadmNSUxuAS8eEzQPSJYwO5lNhszOLjOzSljyCV48KOLVL/Lm3zh5CCpa0FBUddPd5cecKe04H1ZmbX1jcyu7ndvZ3ds/yB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT67mfueOSsUicaunMfVCPBIsYARrI93cD9xBvuDY1Uq5VKsgx3Zq5Uq1aIh7Ua45ReTazgIFWKExyL/3hxFJQio04VipnuvE2kux1IxwOsv1E0VjTCZ4RHuGChxS5aWLU2fozChDFETSlNBooX6fSHGo1DT0TWeI9Vj99ubiX14v0UHVS5mIE00FWS4KEo50hOZ/oyGTlGg+NQQTycytiIyxxESbdHImhK9P0f+kXTSx2MVmqVBvruLIwgmcwjm4cAl1uIYGtIDACB7gCZ4tbj1aL9brsjVjrWaO4Qest0+P9o4K</latexit>

w3
<latexit sha1_base64="EMIdmX7EZkznDCMIN1Dc11Z4zA8=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndPExuAS8eEzQmkCxhdjKbDJmdXWZmlRDyCV48KOLVL/Lm3zh5CCpa0FBUddPdFSScKe04H1ZmbX1jcyu7ndvZ3ds/yB8e3ao4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwGk7GF/O/fYdlYrF4kZPEupHeChYyAjWRrq+7xf7+YJjVyvlUq2CHNuplStVzxC3WK45HnJtZ4ECrNDo5997g5ikERWacKxU13US7U+x1IxwOsv1UkUTTMZ4SLuGChxR5U8Xp87QmVEGKIylKaHRQv0+McWRUpMoMJ0R1iP125uLf3ndVIdVf8pEkmoqyHJRmHKkYzT/Gw2YpETziSGYSGZuRWSEJSbapJMzIXx9iv4nt56JxfaapUK9uYojCydwCufgwgXU4Qoa0AICQ3iAJ3i2uPVovVivy9aMtZo5hh+w3j4Bkv6ODA==</latexit>

w2<latexit sha1_base64="Z8LVzwfjgpFF37vbMADR44TrgaE=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GmZibae7ghuXLdoHtEPJpJk2NJMZkoxShn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyScKe04H1ZubX1jcyu/XdjZ3ds/KB4etVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTK7mfueOSsVicaunCfUjPBIsZARrI93cD9CgWHJshLxyGUHHvvScilcxpFar1hCCru0sUAIrNAbF9/4wJmlEhSYcK9VznUT7GZaaEU5nhX6qaILJBI9oz1CBI6r8bHHqDJ4ZZQjDWJoSGi7U7xMZjpSaRoHpjLAeq9/eXPzL66U69PyMiSTVVJDlojDlUMdw/jccMkmJ5lNDMJHM3ArJGEtMtEmnYEL4+hT+T9rIdi9s1CyX6s1VHHlwAk7BOXBBFdTBNWiAFiBgBB7AE3i2uPVovVivy9actZo5Bj9gvX0Cl5yOEA==</latexit>

r = �(x)
<latexit sha1_base64="BPl08+8xoJWD3o9ujbRkOQwO7s0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFLx4bMHWwnYp2TTbhmaTJcmKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo46WqSK0TSSXqhtiTTkTtG2Y4bSbKIrjkNOHcHw78x8eqdJMinszSWgQ46FgESPYWMlX6Ab1khGrPp33yxW35s6BVomXkwrkaPbLX72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eVV0qnXvItavXVZabTyOIpwAqdQBQ+uoAF30IQ2EJDwDK/w5hjnxXl3PhatBSefOYY/cD5/AMTxkFA=</latexit>

⌧ ẋ = �x+
X

i

wiri
<latexit sha1_base64="Ucqxsem6Fg7KezM+sjeFeZFBroI=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IgiGE3CtoIARvLBMwDkmWZncwmQ2YfzNzVhCW9jb9iY6GIrT9g5984SbbQxAMXDufce2fu8WLBFVjWt5FbWV1b38hvFra2d3b3zP2DpooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre8Gbqt+6ZVDwK72AcMycg/ZD7nBLQkmsWu0AS3O1FkI4m+BqfjfAp7qokcDl+0CVd7polq2zNgJeJnZESylBzzS+9jyYBC4EKolTHtmJwUiKBU8EmhW6iWEzokPRZR9OQBEw56eyWCT7WSg/7kdQVAp6pvydSEig1DjzdGRAYqEVvKv7ndRLwr5yUh3ECLKTzh/xEYIjwNBjc45JREGNNCJVc/xXTAZGEgo6voEOwF09eJs1K2T4vV+oXpWo9iyOPjlARnSAbXaIqukU11EAUPaJn9IrejCfjxXg3PuatOSObOUR/YHz+AMsNmao=</latexit> x

<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

�(x)
<latexit sha1_base64="G066fGpOyQTG9fUeSaVYqs0sClM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGZrMhyYpl6Y/w4kERr/4eb/4b0+0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbudx6p0iwWD2YqqR/hkWAhI9hYqdOXY1Z9Oh+UK27NzYBWiZeTCuRoDspf/WFMkogKQzjWuue50vgpVoYRTmelfqKpxGSCR7RnqcAR1X6anTtDZ1YZojBWtoRBmfp7IsWR1tMosJ0RNmO97M3F/7xeYsJrP2VCJoYKslgUJhyZGM1/R0OmKDF8agkmitlbERljhYmxCZVsCN7yy6ukXa95F7X6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6K14OQzx/AHzucPueyPKg==</latexit>
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Learning tasks in feedforward networks
(1986)
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Learning tasks in feedforward networks
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ŷ
<latexit sha1_base64="UdDvA5UQtP7fLNDzsfGLDgdRdjI=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6Odgh6HXjxOcB+wlpGm2RaWJiVJhVqK/4oXD4p49f/w5n9juvWgmw9CHu/9fuTlBTGjSjvOt1VZWV1b36hu1ra2d3b37P2DrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvSn83gORigp+r9OY+BEaczqiGGkjDe0jb4J05gWChSqNzJWleT60607DmQEuE7ckdVCiPbS/vFDgJCJcY4aUGrhOrP0MSU0xI3nNSxSJEZ6iMRkYylFElJ/N0ufw1CghHAlpDtdwpv7eyFCkimxmMkJ6oha9QvzPGyR6dOVnlMeJJhzPHxolDGoBiypgSCXBmqWGICypyQrxBEmEtSmsZkpwF7+8TLrNhnveaN5d1FvXZR1VcAxOwBlwwSVogVvQBh2AwSN4Bq/gzXqyXqx362M+WrHKnUPwB9bnD7melgw=</latexit>

x
<latexit sha1_base64="a2QdIiOUSfJ6zgQuM+VCu0jQ/Tg=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVUlBgrGChbFI9CG1UeU4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmT56Jx75ePjJ5wp7Tjf1tr6xubWdmWnuru3f3BoHx13VJxKQtsk5rHs+VhRzgRta6Y57SWS4sjntOtP7gq/O6VSsVg86llCvQiPBAsZwdpIQ9vOBn7MAzWLzJU95fnQrjl1Zw60StyS1KBEa2h/DYKYpBEVmnCsVN91Eu1lWGpGOM2rg1TRBJMJHtG+oQJHVHnZPHmOzo0SoDCW5giN5urvjQxHqshmJiOsx2rZK8T/vH6qwxsvYyJJNRVk8VCYcqRjVNSAAiYp0XxmCCaSmayIjLHERJuyqqYEd/nLq6TTqLuX9cbDVa15W9ZRgVM4gwtw4RqacA8taAOBKTzDK7xZmfVivVsfi9E1q9w5gT+wPn8Am6KUSg==</latexit>

W1
<latexit sha1_base64="n4XhnznCe0nTUQPpM+40UIB4K4A=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqApZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE14P6IjJULBKFrJ9yOK4yDMOrOBN6hU3Zo7B1klXkGqUKA5qHz5w5ilEVfIJDWm57kJ9jOqUTDJZ2U/NTyhbEJHvGepohE3/WyeeUbOrTIkYaztU0jm6u+NjEbGTKPATuYZzbKXi/95vRTDm34mVJIiV2xxKEwlwZjkBZCh0JyhnFpCmRY2K2FjqilDW1PZluAtf3mVtOs177JWf7iqNm6LOkpwCmdwAR5cQwPuoQktYJDAM7zCm5M6L86787EYXXOKnRP4A+fzB/k4kaM=</latexit>

W2
<latexit sha1_base64="Q3/lBOolIPzBrbtNVhx4Bq1u4UI=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqApZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE14P6IjJULBKFrJ9yOK4yDMOrNBfVCpujV3DrJKvIJUoUBzUPnyhzFLI66QSWpMz3MT7GdUo2CSz8p+anhC2YSOeM9SRSNu+tk884ycW2VIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimGN/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqayLcFb/vIqaddr3mWt/nBVbdwWdZTgFM7gAjy4hgbcQxNawCCBZ3iFNyd1Xpx352MxuuYUOyfwB87nD/q8kaQ=</latexit>

W3
<latexit sha1_base64="MKXZ1MHLf4LVnCCgkVxgkJz0DMA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsy0gi6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3uV+74kqzWL5aGYJDQQeSxYxgo2VfF9gMwmjrDcfNofVmlt3F0DrxCtIDQq0h9UvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsgWmefowiojFMXKPmnQQv29kWGh9UyEdjLPqFe9XPzPG6QmugkyJpPUUEmWh6KUIxOjvAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrqNutesNx6uaq3boo4ynME5XIIH19CCe2hDBwgk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gD8QJGl</latexit>

h1
<latexit sha1_base64="5VyRX9BDdFpLQoh1SaWxfVIMsMs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw8913frjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8A5LCT0g==</latexit>

h2
<latexit sha1_base64="PXCImp4xWSLXBIS+ZrrXrSnG3ks=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw895u+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A5jST0w==</latexit>

1.

0.

0.

y
<latexit sha1_base64="2A7DuJCvpRVdVAiUcdT84g18VK8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4B2LJlMpg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8k/udR6o0k+LeTBLqx3goWMQINlZ66AeSh3oS2yubTAeVqltzZ0DLxCtIFQo0B5WvfihJGlNhCMda9zw3MX6GlWGE02m5n2qaYDLGQ9qzVOCYaj+bpZ6iU6uEKJLKHmHQTP29keFY59HsZIzNSC96ufif10tNdOVnTCSpoYLMH4pSjoxEeQUoZIoSwyeWYKKYzYrICCtMjC2qbEvwFr+8TNr1mndeq99dVBvXRR0lOIYTOAMPLqEBt9CEFhBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wdWH5MO</latexit>

Error or “loss”: L = (y � ŷ)2
<latexit sha1_base64="NhDFBPIKZtiNqnSTN/lfSDgdlgI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCroRim5cuKhgH9DEMplO26GTSZiZCCFk5cZfceNCEbd+gzv/xkmbhbYeuHA4517uvccLGZXKsr6NwsLi0vJKcbW0tr6xuWVu77RkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vMr/9QISkAb9TcUhcHw05HVCMlJZ65r7jIzXCiCU3KbyAlRgeQ2eEVBKnR/e1nlm2qtYEcJ7YOSmDHI2e+eX0Axz5hCvMkJRd2wqVmyChKGYkLTmRJCHCYzQkXU058ol0k8kbKTzUSh8OAqGLKzhRf08kyJcy9j3dmR0tZ71M/M/rRmpw7iaUh5EiHE8XDSIGVQCzTGCfCoIVizVBWFB9K8QjJBBWOrmSDsGefXmetGpV+6Rauz0t1y/zOIpgDxyACrDBGaiDa9AATYDBI3gGr+DNeDJejHfjY9paMPKZXfAHxucPGP2XmQ==</latexit>

6
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Backpropagation algorithm (feedforward nets)

“dog"

“cat"

“cool kid”

0.12

1.3
.9

…

.4

1.2
2.5

.6

1.3

-1.2

.7

-.3

1.6

0.43

0.14

0.43

ŷ
<latexit sha1_base64="UdDvA5UQtP7fLNDzsfGLDgdRdjI=">AAAB/XicbVDNS8MwHE3n15xf9ePmJTgET6Odgh6HXjxOcB+wlpGm2RaWJiVJhVqK/4oXD4p49f/w5n9juvWgmw9CHu/9fuTlBTGjSjvOt1VZWV1b36hu1ra2d3b37P2DrhKJxKSDBROyHyBFGOWko6lmpB9LgqKAkV4wvSn83gORigp+r9OY+BEaczqiGGkjDe0jb4J05gWChSqNzJWleT60607DmQEuE7ckdVCiPbS/vFDgJCJcY4aUGrhOrP0MSU0xI3nNSxSJEZ6iMRkYylFElJ/N0ufw1CghHAlpDtdwpv7eyFCkimxmMkJ6oha9QvzPGyR6dOVnlMeJJhzPHxolDGoBiypgSCXBmqWGICypyQrxBEmEtSmsZkpwF7+8TLrNhnveaN5d1FvXZR1VcAxOwBlwwSVogVvQBh2AwSN4Bq/gzXqyXqx362M+WrHKnUPwB9bnD7melgw=</latexit>

x
<latexit sha1_base64="a2QdIiOUSfJ6zgQuM+VCu0jQ/Tg=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExVUlBgrGChbFI9CG1UeU4TmvVcSLbqaii/AkLAwix8ids/A1OmwFajmT56Jx75ePjJ5wp7Tjf1tr6xubWdmWnuru3f3BoHx13VJxKQtsk5rHs+VhRzgRta6Y57SWS4sjntOtP7gq/O6VSsVg86llCvQiPBAsZwdpIQ9vOBn7MAzWLzJU95fnQrjl1Zw60StyS1KBEa2h/DYKYpBEVmnCsVN91Eu1lWGpGOM2rg1TRBJMJHtG+oQJHVHnZPHmOzo0SoDCW5giN5urvjQxHqshmJiOsx2rZK8T/vH6qwxsvYyJJNRVk8VCYcqRjVNSAAiYp0XxmCCaSmayIjLHERJuyqqYEd/nLq6TTqLuX9cbDVa15W9ZRgVM4gwtw4RqacA8taAOBKTzDK7xZmfVivVsfi9E1q9w5gT+wPn8Am6KUSg==</latexit>

W1
<latexit sha1_base64="n4XhnznCe0nTUQPpM+40UIB4K4A=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqApZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE14P6IjJULBKFrJ9yOK4yDMOrOBN6hU3Zo7B1klXkGqUKA5qHz5w5ilEVfIJDWm57kJ9jOqUTDJZ2U/NTyhbEJHvGepohE3/WyeeUbOrTIkYaztU0jm6u+NjEbGTKPATuYZzbKXi/95vRTDm34mVJIiV2xxKEwlwZjkBZCh0JyhnFpCmRY2K2FjqilDW1PZluAtf3mVtOs177JWf7iqNm6LOkpwCmdwAR5cQwPuoQktYJDAM7zCm5M6L86787EYXXOKnRP4A+fzB/k4kaM=</latexit>

W2
<latexit sha1_base64="Q3/lBOolIPzBrbtNVhx4Bq1u4UI=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqApZTKdtEMnkzBzI5TQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE14P6IjJULBKFrJ9yOK4yDMOrNBfVCpujV3DrJKvIJUoUBzUPnyhzFLI66QSWpMz3MT7GdUo2CSz8p+anhC2YSOeM9SRSNu+tk884ycW2VIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimGN/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqayLcFb/vIqaddr3mWt/nBVbdwWdZTgFM7gAjy4hgbcQxNawCCBZ3iFNyd1Xpx352MxuuYUOyfwB87nD/q8kaQ=</latexit>

W3
<latexit sha1_base64="MKXZ1MHLf4LVnCCgkVxgkJz0DMA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsy0gi6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2JNOZO0Y5jhtJ8oikXIaS+c3uV+74kqzWL5aGYJDQQeSxYxgo2VfF9gMwmjrDcfNofVmlt3F0DrxCtIDQq0h9UvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsgWmefowiojFMXKPmnQQv29kWGh9UyEdjLPqFe9XPzPG6QmugkyJpPUUEmWh6KUIxOjvAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrqNutesNx6uaq3boo4ynME5XIIH19CCe2hDBwgk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gD8QJGl</latexit>

h1
<latexit sha1_base64="5VyRX9BDdFpLQoh1SaWxfVIMsMs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw8913frjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8A5LCT0g==</latexit>

h2
<latexit sha1_base64="PXCImp4xWSLXBIS+ZrrXrSnG3ks=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw895u+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A5jST0w==</latexit>

1.

0.

0.

y
<latexit sha1_base64="2A7DuJCvpRVdVAiUcdT84g18VK8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4B2LJlMpg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8k/udR6o0k+LeTBLqx3goWMQINlZ66AeSh3oS2yubTAeVqltzZ0DLxCtIFQo0B5WvfihJGlNhCMda9zw3MX6GlWGE02m5n2qaYDLGQ9qzVOCYaj+bpZ6iU6uEKJLKHmHQTP29keFY59HsZIzNSC96ufif10tNdOVnTCSpoYLMH4pSjoxEeQUoZIoSwyeWYKKYzYrICCtMjC2qbEvwFr+8TNr1mndeq99dVBvXRR0lOIYTOAMPLqEBt9CEFhBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wdWH5MO</latexit>

Error or “loss”: L = (y � ŷ)2
<latexit sha1_base64="NhDFBPIKZtiNqnSTN/lfSDgdlgI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5akCroRim5cuKhgH9DEMplO26GTSZiZCCFk5cZfceNCEbd+gzv/xkmbhbYeuHA4517uvccLGZXKsr6NwsLi0vJKcbW0tr6xuWVu77RkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vMr/9QISkAb9TcUhcHw05HVCMlJZ65r7jIzXCiCU3KbyAlRgeQ2eEVBKnR/e1nlm2qtYEcJ7YOSmDHI2e+eX0Axz5hCvMkJRd2wqVmyChKGYkLTmRJCHCYzQkXU058ol0k8kbKTzUSh8OAqGLKzhRf08kyJcy9j3dmR0tZ71M/M/rRmpw7iaUh5EiHE8XDSIGVQCzTGCfCoIVizVBWFB9K8QjJBBWOrmSDsGefXmetGpV+6Rauz0t1y/zOIpgDxyACrDBGaiDa9AATYDBI3gGr+DNeDJejHfjY9paMPKZXfAHxucPGP2XmQ==</latexit>

@L
@h1

<latexit sha1_base64="55OtbiNL4JshrKUE7snRvTQ2sBY=">AAACH3icbVC7TsMwFHXKq5RXgJHFokJiqpKCgLGChYGhSPQhNVHkOE5r1Ykj20GqovwJC7/CwgBCiK1/g9NmKC1Xsnx0zr32ucdPGJXKsqZGZW19Y3Orul3b2d3bPzAPj7qSpwKTDuaMi76PJGE0Jh1FFSP9RBAU+Yz0/PFdofeeiZCUx09qkhA3QsOYhhQjpSnPvHJCgXDmJEgoihh0IqRGGLHsIc8XWJ+zQE4ifWWj3LNzz6xbDWtWcBXYJaiDstqe+eMEHKcRiRVmSMqBbSXKzYr3MSN5zUklSRAeoyEZaBijiEg3m+2XwzPNBDDkQp9YwRm7OJGhSBbudGdhXy5rBfmfNkhVeONmNE5SRWI8/yhMGVQcFmHBgAqCFZtogLCg2ivEI6QDUzrSmg7BXl55FXSbDfui0Xy8rLduyziq4AScgnNgg2vQAvegDToAgxfwBj7Ap/FqvBtfxve8tWKUM8fgTxnTX4UApII=</latexit>

@L
@h2

<latexit sha1_base64="7vpNy9ZX6L4+dswJ2HyrlwhT4TA=">AAACH3icbVC7TsMwFHXKq5RXgJHFokJiqpKCgLGChYGhSPQhNVHkOE5r1Ykj20GqovwJC7/CwgBCiK1/g9NmKC1Xsnx0zr32ucdPGJXKsqZGZW19Y3Orul3b2d3bPzAPj7qSpwKTDuaMi76PJGE0Jh1FFSP9RBAU+Yz0/PFdofeeiZCUx09qkhA3QsOYhhQjpSnPvHJCgXDmJEgoihh0IqRGGLHsIc8XWJ+zQE4ifWWj3Gvmnlm3Gtas4CqwS1AHZbU988cJOE4jEivMkJQD20qUmxXvY0bympNKkiA8RkMy0DBGEZFuNtsvh2eaCWDIhT6xgjN2cSJDkSzc6c7CvlzWCvI/bZCq8MbNaJykisR4/lGYMqg4LMKCARUEKzbRAGFBtVeIR0gHpnSkNR2CvbzyKug2G/ZFo/l4WW/dlnFUwQk4BefABtegBe5BG3QABi/gDXyAT+PVeDe+jO95a8UoZ47BnzKmv4aFpIM=</latexit>

wt+1 = wt � ⌘
@L
@w

<latexit sha1_base64="MBnyOQhP5sdtO8FkuZYkoxj6vWs="></latexit>

Gradient descent update:

7
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Diverse architectures… (eg convolutional)

8

LeCun et al., (1989)

(1980)
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And crazy results since 2012

9

(2012)
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What kind of computations is this?

10

x 2 Rn
<latexit sha1_base64="xgHxOTQ4qQQevVfQ6SWCiKWD51o=">AAACCHicdVDLTgIxFO3gC/GFunRhIzFxRTogCDuiG5do5JEwSDqlQEOnM2k7RjKZpRt/xY0LjXHrJ7jzb+wAJmr0JE1Pzj03997jBpwpjdCHlVpYXFpeSa9m1tY3Nrey2ztN5YeS0AbxuS/bLlaUM0EbmmlO24Gk2HM5bbnjs6TeuqFSMV9c6UlAux4eCjZgBGsj9bL7juvzvpp45otuY+gwAR0P65HrRpfxtXHkUB6VS1VUhShfQnZlShAqVwpFaBuSIAfmqPey707fJ6FHhSYcK9WxUaC7EZaaEU7jjBMqGmAyxkPaMVRgj6puND0khodG6cOBL80TGk7V7x0R9lSyq3EmO6rftUT8q9YJ9aDSjZgIQk0FmQ0ahBxqHyapwD6TlGg+MQQTycyukIywxESb7DImhK9L4f+kWcjbxXzh4jhXO53HkQZ74AAcARucgBo4B3XQAATcgQfwBJ6te+vRerFeZ9aUNe/ZBT9gvX0C1qGagg==</latexit>

z 2 Rm
<latexit sha1_base64="SeIamcxUzGRQQCVtkFJCEzYiRx0=">AAACCHicdVDLTgIxFO3gC/E16tKFjcTEFemAIOyIblyikUfCIOmUAg2dzqTtmOCEpRt/xY0LjXHrJ7jzb+wAJmr0Jk1Pzrk399zjhZwpjdCHlVpYXFpeSa9m1tY3Nrfs7Z2GCiJJaJ0EPJAtDyvKmaB1zTSnrVBS7HucNr3RWaI3b6hULBBXehzSjo8HgvUZwdpQXXvf9QLeU2PffPHtBLpMQNfHeuh58eXk2u/aWZRDpWIFVSDKFZFTngKESuV8AToGJJUF86p17Xe3F5DIp0ITjpVqOyjUnRhLzQink4wbKRpiMsID2jZQYJ+qTjw9ZAIPDdOD/UCaJzScst8nYuyrxKvpTDyq31pC/qW1I90vd2ImwkhTQWaL+hGHOoBJKrDHJCWajw3ARDLjFZIhlphok13GhPB1KfwfNPI5p5DLXxxnq6fzONJgDxyAI+CAE1AF56AG6oCAO/AAnsCzdW89Wi/W66w1Zc1ndsGPst4+AdhJmoM=</latexit>Data ẑ ⇡

<latexit sha1_base64="Tt+I+4vGSc1LyUqJ429ErsWl3fU=">AAACBXicdVC7TsMwFHV4lvIqMMJgUSExRWla2rJVsDAWiT6kJqocx2mtOnFkO4gSdWHhV1gYQIiVf2Djb3DaIgGCI1k+Oude3XuPFzMqlWV9GAuLS8srq7m1/PrG5tZ2YWe3LXkiMGlhzrjoekgSRiPSUlQx0o0FQaHHSMcbnWd+55oISXl0pcYxcUM0iGhAMVJa6hcOHI8zX45D/aXOEKn0djKBDopjwW/6haJlntar9okNLdOyana5mhG7VrHLsKSVDEUwR7NfeHd8jpOQRAozJGWvZMXKTZFQFDMyyTuJJDHCIzQgPU0jFBLpptMrJvBIKz4MuNAvUnCqfu9IUSizRXVliNRQ/vYy8S+vl6ig7qY0ihNFIjwbFCQMKg6zSKBPBcGKjTVBWFC9K8RDJBBWOri8DuHrUvg/adtmqWzal5Vi42weRw7sg0NwDEqgBhrgAjRBC2BwBx7AE3g27o1H48V4nZUuGPOePfADxtsnQ6SZtw==</latexit>

network

A feedforward network learns a function.
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Remaining problem: variable-length inputs
So far we consider inputs that can be mapped to vectors in Rn

<latexit sha1_base64="A3ccaimGM/Q6WGTAicDDTYX+9Hs=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8fRb9SdWvuDGiZeAWpQoFmv/LlDxKSxlQYwrHWPc+VJsiwMoxwOi37qaYSkzEe0p6lAsdUB9ks8xSdWmWAokTZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQUZEzI1VJD5oSjlyCQoLwANmKLE8IklmChmsyIywgoTY2sq2xK8xS8vk3a95p3X6ncX1cZ1UUcJjuEEzsCDS2jALTShBQQkPMMrvDmp8+K8Ox/z0RWn2DmCP3A+fwBGb5HW</latexit>

What about: 

- text 

- sound 

- video 

- time series…

11
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Example: sentiment analysis

Objective: learn a mapping sequence -> vector

Film à voir pour dormir.

Learning over sequences with RNNs
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Recurrent neural networks (RNNs)

13

Example: sentiment analysis

Objective: learn a mapping sequence -> vector

Film à voir pour dormir.

h1
<latexit sha1_base64="5VyRX9BDdFpLQoh1SaWxfVIMsMs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw8913frjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8A5LCT0g==</latexit>
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Recurrent neural networks (RNNs)

14

Example: sentiment analysis

Objective: learn a mapping sequence -> vector

Film à voir pour dormir.

h2
<latexit sha1_base64="PXCImp4xWSLXBIS+ZrrXrSnG3ks=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw895u+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A5jST0w==</latexit>
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Recurrent neural networks (RNNs)
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Example: sentiment analysis

Objective: learn a mapping sequence -> vector

Film à voir pour dormir.

h3
<latexit sha1_base64="ABAOx/rhLsZjoy7JqqkFTkgk0lM=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+AQPI12E/Q49OJxgpuDrZQ0TbewtClJOhhl38SLB0W8+k28+W1Mtx5080HI473fj7y8IOVMacf5tiobm1vbO9Xd2t7+weGRfXzSUyKThHaJ4EL2A6woZwntaqY57aeS4jjg9CmY3BX+05RKxUTyqGcp9WI8SljECNZG8m17GAgeqllsrnw891u+XXcazgJonbglqUOJjm9/DUNBspgmmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQxMcU+Xli+RzdGGUEEVCmpNotFB/b+Q4VkU4MxljPVarXiH+5w0yHd14OUvSTNOELB+KMo60QEUNKGSSEs1nhmAimcmKyBhLTLQpq2ZKcFe/vE56zYbbajQfrurt27KOKpzBOVyCC9fQhnvoQBcITOEZXuHNyq0X6936WI5WrHLnFP7A+vwB57iT1A==</latexit>
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Recurrent neural networks (RNNs)

16

Example: sentiment analysis

Objective: learn a mapping sequence -> vector

Film à voir pour dormir.

h4
<latexit sha1_base64="z+7UzjRhd1SnXwkXFiiBL/BE6f8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQWdFl047KCfUAbwmQyaYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTDM4Zx7mTMnSDlT2nG+rY3Nre2d3cpedf/g8OjYPjntqiSThHZIwhPZD7CinAna0Uxz2k8lxXHAaS+Y3Bd+b0qlYol40rOUejEeCRYxgrWRfNseBgkP1Sw2Vz6e+03frjl1ZwG0TtyS1KBE27e/hmFCspgKTThWauA6qfZyLDUjnM6rw0zRFJMJHtGBoQLHVHn5IvkcXRolRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZlVU0J7uqX10m3UXev643HZq11V9ZRgXO4gCtw4QZa8ABt6ACBKTzDK7xZufVivVsfy9ENq9w5gz+wPn8A6TyT1Q==</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>

positive

negative
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Unrolled computation graph

Film à voir pour dormir.

h4
<latexit sha1_base64="z+7UzjRhd1SnXwkXFiiBL/BE6f8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQWdFl047KCfUAbwmQyaYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTDM4Zx7mTMnSDlT2nG+rY3Nre2d3cpedf/g8OjYPjntqiSThHZIwhPZD7CinAna0Uxz2k8lxXHAaS+Y3Bd+b0qlYol40rOUejEeCRYxgrWRfNseBgkP1Sw2Vz6e+03frjl1ZwG0TtyS1KBE27e/hmFCspgKTThWauA6qfZyLDUjnM6rw0zRFJMJHtGBoQLHVHn5IvkcXRolRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZlVU0J7uqX10m3UXev643HZq11V9ZRgXO4gCtw4QZa8ABt6ACBKTzDK7xZufVivVsfy9ENq9w5gz+wPn8A6TyT1Q==</latexit>

ŷ
<latexit sha1_base64="MIQRtRNu2AtbSlq9aOk2tkcIifM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRAihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3czvPHFtRKweMUu4H9GREqFgFK3U6Y8p5tl0UKm6NXcOskq8glShQHNQ+eoPY5ZGXCGT1Jie5ybo51SjYJJPy/3U8ISyCR3xnqWKRtz4+fzcKTm3ypCEsbalkMzV3xM5jYzJosB2RhTHZtmbif95vRTDGz8XKkmRK7ZYFKaSYExmv5Oh0JyhzCyhTAt7K2FjqilDm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB7MPj84=</latexit>

Backpropagation through time

h3
<latexit sha1_base64="ABAOx/rhLsZjoy7JqqkFTkgk0lM=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+AQPI12E/Q49OJxgpuDrZQ0TbewtClJOhhl38SLB0W8+k28+W1Mtx5080HI473fj7y8IOVMacf5tiobm1vbO9Xd2t7+weGRfXzSUyKThHaJ4EL2A6woZwntaqY57aeS4jjg9CmY3BX+05RKxUTyqGcp9WI8SljECNZG8m17GAgeqllsrnw891u+XXcazgJonbglqUOJjm9/DUNBspgmmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQxMcU+Xli+RzdGGUEEVCmpNotFB/b+Q4VkU4MxljPVarXiH+5w0yHd14OUvSTNOELB+KMo60QEUNKGSSEs1nhmAimcmKyBhLTLQpq2ZKcFe/vE56zYbbajQfrurt27KOKpzBOVyCC9fQhnvoQBcITOEZXuHNyq0X6936WI5WrHLnFP7A+vwB57iT1A==</latexit>

h2
<latexit sha1_base64="PXCImp4xWSLXBIS+ZrrXrSnG3ks=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw895u+XXcazgJonbglqUOJtm9/DcOEZDEVmnCs1MB1Uu3lWGpGOJ3XhpmiKSYTPKIDQwWOqfLyRfI5ujBKiKJEmiM0Wqi/N3IcqyKcmYyxHqtVrxD/8waZjm69nIk001SQ5UNRxpFOUFEDCpmkRPOZIZhIZrIiMsYSE23KqpkS3NUvr5Nus+FeNZqP1/XWXVlHFc7gHC7BhRtowQO0oQMEpvAMr/Bm5daL9W59LEcrVrlzCn9gff4A5jST0w==</latexit>

h1
<latexit sha1_base64="5VyRX9BDdFpLQoh1SaWxfVIMsMs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw8913frjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8A5LCT0g==</latexit>

h0
<latexit sha1_base64="ga+ObzgchcqYJENH8Eg73JIp5dw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0GXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrnw89x3frjsNZwG0TtyS1KFE27e/hmFCspgKTThWauA6qfZyLDUjnM5rw0zRFJMJHtGBoQLHVHn5IvkcXRglRFEizREaLdTfGzmOVRHOTMZYj9WqV4j/eYNMR7dezkSaaSrI8qEo40gnqKgBhUxSovnMEEwkM1kRGWOJiTZl1UwJ7uqX10m32XCvGs3H63rrrqyjCmdwDpfgwg204AHa0AECU3iGV3izcuvFerc+lqMVq9w5hT+wPn8A4yyT0Q==</latexit>

Wrec
<latexit sha1_base64="+G7nmYsIhOoUlR5xo10E3u/OqwA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65lzn3BAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3h92ZUKhaLJz1PqBfhsWAhI1gbybftYYT1JAizXu5nkpLct+tOw1kArRO3JHUo0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVetkieowujjFAYS/OERgv190aGI6XmUWAmi5xq1SvE/7xBqsNbL2MiSTUVZPlRmHKkY1TUgEbMHKv53BBMJDNZEZlgiYk2ZdVMCe7qyeuk22y4V43m43W9dVfWUYUzOIdLcOEGWvAAbegAgRk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/I/qT+Q==</latexit>

Wrec
<latexit sha1_base64="+G7nmYsIhOoUlR5xo10E3u/OqwA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65lzn3BAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3h92ZUKhaLJz1PqBfhsWAhI1gbybftYYT1JAizXu5nkpLct+tOw1kArRO3JHUo0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVetkieowujjFAYS/OERgv190aGI6XmUWAmi5xq1SvE/7xBqsNbL2MiSTUVZPlRmHKkY1TUgEbMHKv53BBMJDNZEZlgiYk2ZdVMCe7qyeuk22y4V43m43W9dVfWUYUzOIdLcOEGWvAAbegAgRk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/I/qT+Q==</latexit>

Wrec
<latexit sha1_base64="+G7nmYsIhOoUlR5xo10E3u/OqwA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65lzn3BAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3h92ZUKhaLJz1PqBfhsWAhI1gbybftYYT1JAizXu5nkpLct+tOw1kArRO3JHUo0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVetkieowujjFAYS/OERgv190aGI6XmUWAmi5xq1SvE/7xBqsNbL2MiSTUVZPlRmHKkY1TUgEbMHKv53BBMJDNZEZlgiYk2ZdVMCe7qyeuk22y4V43m43W9dVfWUYUzOIdLcOEGWvAAbegAgRk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/I/qT+Q==</latexit>

Wrec
<latexit sha1_base64="+G7nmYsIhOoUlR5xo10E3u/OqwA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65lzn3BAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3h92ZUKhaLJz1PqBfhsWAhI1gbybftYYT1JAizXu5nkpLct+tOw1kArRO3JHUo0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVetkieowujjFAYS/OERgv190aGI6XmUWAmi5xq1SvE/7xBqsNbL2MiSTUVZPlRmHKkY1TUgEbMHKv53BBMJDNZEZlgiYk2ZdVMCe7qyeuk22y4V43m43W9dVfWUYUzOIdLcOEGWvAAbegAgRk8wyu8WZn1Yr1bH8vRilXunMIfWJ8/I/qT+Q==</latexit>

Wout
<latexit sha1_base64="iPAzFRg3r/b6lZNFV6ED/8kxUE8=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6X3h92ZUKhaLJz1PqBfhsWAhI1gbybftYYT1JAizXu5ncapz3647DWcBtE7cktShRNu3v4ajmKQRFZpwrNTAdRLtZVhqRjjNa8NU0QSTKR7TgaECR1R52SJ5ji6MMkJhLM0TGi3U3xsZjpSaR4GZLHKqVa8Q//MGqQ5vvYyJJNVUkOWhMOVIx6ioAY2YpETzuSGYSGayIjLBEhNtyqqZEtzVL6+TbrPhXjWaj9f11l1ZRxXO4BwuwYUbaMEDtKEDBGbwDK/wZmXWi/VufSxHK1a5cwp/YH3+AFGalBc=</latexit>

Win
<latexit sha1_base64="IZgXoz9/SHtXabN5kpsfKI2GeCg=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcy5x7goQzpR3n21pb39jc2q7sVHf39g9q9uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Lbwe49UKhaLBz1LqBfhsWAhI1gbybdrwwjrSRBmvdzPmMh9u+40nDnQKnFLUocSbd/+Go5ikkZUaMKxUgPXSbSXYakZ4TSvDlNFE0ymeEwHhgocUeVl8+A5OjPKCIWxNE9oNFd/b2Q4UmoWBWayiKmWvUL8zxukOrz2zD1Jqqkgi4/ClCMdo6IFNGKSEs1nhmAimcmKyARLTLTpqmpKcJdPXiXdZsO9aDTvL+utm7KOCpzAKZyDC1fQgjtoQwcIpPAMr/BmPVkv1rv1sRhds8qdY/gD6/MHYoaTjA==</latexit>

Win
<latexit sha1_base64="IZgXoz9/SHtXabN5kpsfKI2GeCg=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcy5x7goQzpR3n21pb39jc2q7sVHf39g9q9uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Lbwe49UKhaLBz1LqBfhsWAhI1gbybdrwwjrSRBmvdzPmMh9u+40nDnQKnFLUocSbd/+Go5ikkZUaMKxUgPXSbSXYakZ4TSvDlNFE0ymeEwHhgocUeVl8+A5OjPKCIWxNE9oNFd/b2Q4UmoWBWayiKmWvUL8zxukOrz2zD1Jqqkgi4/ClCMdo6IFNGKSEs1nhmAimcmKyARLTLTpqmpKcJdPXiXdZsO9aDTvL+utm7KOCpzAKZyDC1fQgjtoQwcIpPAMr/BmPVkv1rv1sRhds8qdY/gD6/MHYoaTjA==</latexit>

Win
<latexit sha1_base64="IZgXoz9/SHtXabN5kpsfKI2GeCg=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcy5x7goQzpR3n21pb39jc2q7sVHf39g9q9uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Lbwe49UKhaLBz1LqBfhsWAhI1gbybdrwwjrSRBmvdzPmMh9u+40nDnQKnFLUocSbd/+Go5ikkZUaMKxUgPXSbSXYakZ4TSvDlNFE0ymeEwHhgocUeVl8+A5OjPKCIWxNE9oNFd/b2Q4UmoWBWayiKmWvUL8zxukOrz2zD1Jqqkgi4/ClCMdo6IFNGKSEs1nhmAimcmKyARLTLTpqmpKcJdPXiXdZsO9aDTvL+utm7KOCpzAKZyDC1fQgjtoQwcIpPAMr/BmPVkv1rv1sRhds8qdY/gD6/MHYoaTjA==</latexit> Win

<latexit sha1_base64="IZgXoz9/SHtXabN5kpsfKI2GeCg=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcy5x7goQzpR3n21pb39jc2q7sVHf39g9q9uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Lbwe49UKhaLBz1LqBfhsWAhI1gbybdrwwjrSRBmvdzPmMh9u+40nDnQKnFLUocSbd/+Go5ikkZUaMKxUgPXSbSXYakZ4TSvDlNFE0ymeEwHhgocUeVl8+A5OjPKCIWxNE9oNFd/b2Q4UmoWBWayiKmWvUL8zxukOrz2zD1Jqqkgi4/ClCMdo6IFNGKSEs1nhmAimcmKyARLTLTpqmpKcJdPXiXdZsO9aDTvL+utm7KOCpzAKZyDC1fQgjtoQwcIpPAMr/BmPVkv1rv1sRhds8qdY/gD6/MHYoaTjA==</latexit>

Win
<latexit sha1_base64="IZgXoz9/SHtXabN5kpsfKI2GeCg=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiRV0JUU3LisYB/QhjCZTtqhk0mYmQg15EvcuFDErZ/izr9x0mahrQcGDufcy5x7goQzpR3n21pb39jc2q7sVHf39g9q9uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Lbwe49UKhaLBz1LqBfhsWAhI1gbybdrwwjrSRBmvdzPmMh9u+40nDnQKnFLUocSbd/+Go5ikkZUaMKxUgPXSbSXYakZ4TSvDlNFE0ymeEwHhgocUeVl8+A5OjPKCIWxNE9oNFd/b2Q4UmoWBWayiKmWvUL8zxukOrz2zD1Jqqkgi4/ClCMdo6IFNGKSEs1nhmAimcmKyARLTLTpqmpKcJdPXiXdZsO9aDTvL+utm7KOCpzAKZyDC1fQgjtoQwcIpPAMr/BmPVkv1rv1sRhds8qdY/gD6/MHYoaTjA==</latexit>

Williams & Zipser (1989), and others…
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And now, what computations are these?
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Data
network

A recurrent network learns to produce adaptive behavior.

(x1, . . . ,xT )
<latexit sha1_base64="oLOx623QTdfXZm+US/bDcVHhMuA="></latexit>

(ẑ1, . . . , ẑT̃ ) ⇡
<latexit sha1_base64="LUrZWc0iPWTMlVWm0UUDYc+qY9s="></latexit>

(z1, . . . , zT 0)
<latexit sha1_base64="Mt9NX+DdmZnH4SevoeazAU8Ue70="></latexit>
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What is computation anyway?
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Alan Turing Alonzo Church

Turing machine

Characterized by: 
- an internal state at each time point 
- descriptions of transitions between states 
- a set of final states
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What is computation anyway?
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A system is Turing-complete if it can imitate a Turing machine.

Church-Turing thesis: the set of computable problems is exactly the set of 
algorithms that can be implemented in a Turing machine.

Computations      Algorithms     Turing machines()
<latexit sha1_base64="FA+Cakl2vXeEJOi/8fts/drXbvY=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+s1R+uqo3bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwKWjjc=</latexit>

()
<latexit sha1_base64="FA+Cakl2vXeEJOi/8fts/drXbvY=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+s1R+uqo3bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwKWjjc=</latexit>
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Notion of dynamical systems
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Two formulations:

Discrete Continuous

xt+1 = f(xt, ut)
<latexit sha1_base64="V8AvZ6c9oQIbacttjLKQ9Dt46/I=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQIkrYjYJehKAXjxHMA5JlmZ3MJkNmH8z0SsIS8Fe8eFDEq9/hzb9xkuxBEwsaiqpuuru8WHAFlvVt5JaWV1bX8uuFjc2t7R1zd6+hokRSVqeRiGTLI4oJHrI6cBCsFUtGAk+wpje4nfjNRyYVj8IHGMXMCUgv5D6nBLTkmgdDN4VTe4yvsV8aunCGExdOXLNola0p8CKxM1JEGWqu+dXpRjQJWAhUEKXathWDkxIJnAo2LnQSxWJCB6TH2pqGJGDKSafnj/GxVrrYj6SuEPBU/T2RkkCpUeDpzoBAX817E/E/r52Af+WkPIwTYCGdLfITgSHCkyxwl0tGQYw0IVRyfSumfSIJBZ1YQYdgz7+8SBqVsn1ertxfFKs3WRx5dIiOUAnZ6BJV0R2qoTqiKEXP6BW9GU/Gi/FufMxac0Y2s4/+wPj8AflXlDM=</latexit>

dx

dt
= f(x(t), u(t))

<latexit sha1_base64="NN75E853pHZDg06OCfhJbFHPsIk=">AAACBnicbVDLSgMxFM34rPU16lKEYBFakDJTBd0IRTcuK9gHtEPJZDJtaOZBckdahq7c+CtuXCji1m9w59+YtrPQ1gP3cjjnXpJ73FhwBZb1bSwtr6yurec28ptb2zu75t5+Q0WJpKxOIxHJlksUEzxkdeAgWCuWjASuYE13cDPxmw9MKh6F9zCKmROQXsh9TgloqWsedXxJaOoNx6kHY3yF/eKwCKVTnOhe6poFq2xNgReJnZECylDrml8dL6JJwEKggijVtq0YnJRI4FSwcb6TKBYTOiA91tY0JAFTTjo9Y4xPtOJhP5K6QsBT9fdGSgKlRoGrJwMCfTXvTcT/vHYC/qWT8jBOgIV09pCfCAwRnmSCPS4ZBTHShFDJ9V8x7ROdC+jk8joEe/7kRdKolO2zcuXuvFC9zuLIoUN0jIrIRheoim5RDdURRY/oGb2iN+PJeDHejY/Z6JKR7RygPzA+fwDSIpdk</latexit>

RNNs and Turing machines are dynamical systems!  (Brains too?)

Other examples of dynamical systems: 
-  a ball in a gravitational field - planets - climate
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Notion of dynamical systems
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"Given for one instant an intelligence which could comprehend all 
the forces by which nature is animated and the respective positions 
of the beings which compose it, if moreover this intelligence were 
vast enough to submit these data to analysis, it would embrace in 
the same formula both the movements of the largest bodies in the 
universe and those of the lightest atom; to it nothing would be 
uncertain, and the future as the past would be present to its eye.” 

Pierre-Simon de Laplace
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Universal approximation theorem for RNNs
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Provided sufficient hidden neurons and the correct weights, an RNN can approximate with arbitrary precision 
any dynamical system on  (of compact support). Equivalently, an RNN can approximate with arbitrary 
precision a finite automaton (ie. it is a universal computation machine).

Rn
<latexit sha1_base64="A3ccaimGM/Q6WGTAicDDTYX+9Hs=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUV+4DOWDJppg3NZEKSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SEkjNtXPfbWVldW9/YLG2Vt3d29/YrB4dtnaSK0BZJeKK6IdaUM0FbhhlOu1JRHIecdsLxTe53nqjSLBEPZiJpEOOhYBEj2FjJ92NsRmGY3U8fRb9SdWvuDGiZeAWpQoFmv/LlDxKSxlQYwrHWPc+VJsiwMoxwOi37qaYSkzEe0p6lAsdUB9ks8xSdWmWAokTZJwyaqb83MhxrPYlDO5ln1IteLv7n9VITXQUZEzI1VJD5oSjlyCQoLwANmKLE8IklmChmsyIywgoTY2sq2xK8xS8vk3a95p3X6ncX1cZ1UUcJjuEEzsCDS2jALTShBQQkPMMrvDmp8+K8Ox/z0RWn2DmCP3A+fwBGb5HW</latexit>

Kenji Doya, Universality of fully-connected recurrent neural networks, 1993
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The 5 fingers of computation
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Computation

Algorithms

Turing machinesRNNs

Dynamical systems
()<latexit sha1_base64="FA+Cakl2vXeEJOi/8fts/drXbvY=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+s1R+uqo3bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwKWjjc=</latexit>

()<latexit sha1_base64="FA+Cakl2vXeEJOi/8fts/drXbvY=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+s1R+uqo3bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwKWjjc=</latexit>

(
)

<latexit sha1_base64="FA+Cakl2vXeEJOi/8fts/drXbvY=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+s1R+uqo3bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwKWjjc=</latexit>

(
)

<latexit sha1_base64="FA+Cakl2vXeEJOi/8fts/drXbvY=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+s1R+uqo3bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwKWjjc=</latexit>

()
<latexit sha1_base64="FA+Cakl2vXeEJOi/8fts/drXbvY=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+s1R+uqo3bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwKWjjc=</latexit>
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Decision-making tasks
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Reflected by computations in the brain
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Sensory signals Reactions/behavior

computing…
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Neural correlates
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Neurons encoding decisionNeurons encoding evidence

Shadlen & Newsome, Neural basis of a perceptual decision in the parietal cortex (are LIP) of the Rhesus monkey, 2001
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Phenomenological circuit models
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Handcrafted circuit Parameters fitted to data

XJ Wang, Probabilistic decision making by slow reverberation in cortical circuits, 2002
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Context-dependent decision making
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[Mante, Sussillo et al., Context-dependent computations by recurrent dynamics in prefrontal cortex, 2013]
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Mixed selective neurons
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[Mante, Sussillo et al., Context-dependent computations by recurrent dynamics in prefrontal cortex, 2013]
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State-space analysis
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N1

N2

N3

N1

N2

N3

N4, N5, …
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State-space analysis

33

N1

N2

N3

N1

N2

N3

N4, N5, …

“neural state space” 
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State space analysis
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N1

N2

N3

N1

N2

N3

N4, N5, …
motion

color

“neural state space” 
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State space analysis
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N1

N2

N3

N1

N2

N3

N4, N5, …
mode 2

mode 1

[Yuste, Nat Rev Neuro, 2015] 

[Gallego et al., Neuron, 2017]

“neural state space” 
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State space analysis: the Mante task

36

Find 3 axes: 

- color 

- motion 

- choice

m
ot

io
n 

co
nt

ex
t

co
lo

r c
on

te
xt

Ok but how ??

[Mante, Sussillo et al., Context-dependent computations by recurrent dynamics in prefrontal cortex, 2013]
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What would an RNN do ?
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[Mante, Sussillo et al., Context-dependent computations by recurrent dynamics in prefrontal cortex, 2013]
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What would an RNN do ?
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[Mante, Sussillo et al., Context-dependent computations by recurrent dynamics in prefrontal cortex, 2013]

➡  Very similar dynamics as the monkey brain
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Example 2: position encoding and grid cells
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place cell grid cell

[O’Keefe & Dostrovsky, 1971] [Hafting et al., 2005], [Moser, Kropff, Moser, 2008]
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Example 2: Retrieving grid cells in RNNs
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[Cueva & Wei, 2018]  [Sorscher et al., 2022]
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Example 3: timing tasks in RNNs
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Measure-Set-Go task Single neuron responses

[J. Wang, D. Narain et al., Flexible tiing by temporal scaling of cortical responses, 2018]

State-space dynamics
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Example 3: timing tasks in RNNs
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RNN version Single units State-space

Similar to brain data!!
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Summary
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•  RNNs allow to build normative models of neural computations. 

•  They are a tool for unsupervised hypothesis generation. 

•  They turn out to reveal similarities with brain data. 

Disadvantages: 

•  We replace a complicated object by another big, complicated black box. 

•  Lots of biological details are different. 

Advantage: 

•  We have access to everything in this new black box (connectivity, perturbations, 
unlimited data…)
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Recurrent neural network - formal description
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u(t)
<latexit sha1_base64="f20iJ5qPUzIfaqXaej+UMO2MSOE=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYVUliopSDBWsDAWiT6kNqocx22tOk5k34Cq0E9hYQAhVr6Ejb/BaTNAy5EsH51zr3x8/FhwDY7zbRXW1jc2t4rbpZ3dvf0Du3zY1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONPbjK/88CU5pG8h2nMvJCMJB9ySsBIA7vc9yMR6GlorjSZVeFsYFecmjMHXiVuTiooR3Ngf/WDiCYhk0AF0brnOjF4KVHAqWCzUj/RLCZ0QkasZ6gkIdNeOo8+w6dGCfAwUuZIwHP190ZKQp2lM5MhgbFe9jLxP6+XwPDKS7mME2CSLh4aJgJDhLMecMAVoyCmhhCquMmK6ZgoQsG0VTIluMtfXiXtes09r9XvLiqN67yOIjpGJ6iKXHSJGugWNVELUfSIntErerOerBfr3fpYjBasfOcI/YH1+QN0dJQe</latexit>

z(t)
<latexit sha1_base64="yMDvAOX3RfisbTcWklGysQCyK5c=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyQp16V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp12veRa1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDhiWN5Q==</latexit>

x(t)
<latexit sha1_base64="7zjb0dQdYjtCcPEI9OhCNiXYuzw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokIqS5UUJBgrWBiLRB9SG1WO47RWnTiyHaAK/RQWBhBi5UvY+BvcNgO0HMny0Tn3ysfHTzhT2nG+rZXVtfWNzcJWcXtnd2/fLh20lEgloU0iuJAdHyvKWUybmmlOO4mkOPI5bfuj66nfvqdSMRHf6XFCvQgPYhYygrWR+nap5wseqHFkruxxUtGnfbvsVJ0Z0DJxc1KGHI2+/dULBEkjGmvCsVJd10m0l2GpGeF0UuyliiaYjPCAdg2NcUSVl82iT9CJUQIUCmlOrNFM/b2R4UhN05nJCOuhWvSm4n9eN9XhpZexOEk1jcn8oTDlSAs07QEFTFKi+dgQTCQzWREZYomJNm0VTQnu4peXSatWdc+qtdvzcv0qr6MAR3AMFXDhAupwAw1oAoEHeIZXeLOerBfr3fqYj65Y+c4h/IH1+QN5DJQh</latexit>

J
<latexit sha1_base64="36Xn4kLMEpu1IvHdewT3gsNo0X4=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRlxVsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnjm8xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6d20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/uKGQ8g==</latexit>

= (x1(t), . . . , xN (t))
<latexit sha1_base64="jtx+xjIN4Of3JnII6H7xTVe3myI=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCC6XMVEE3QtGNK6lgH9AOQyZN29DMg+SOtAx146+4caGIW//CnX9j2s5CWw8ETs659yb3eJHgCizr21haXlldW89sZDe3tnd2zb39ugpjSVmNhiKUTY8oJnjAasBBsGYkGfE9wRre4HriNx6YVDwM7mEUMccnvYB3OSWgJdc8vMwPXTsPhSJud0JQRTx0b/W14Jo5q2RNgReJnZIcSlF1zS89gMY+C4AKolTLtiJwEiKBU8HG2XasWETogPRYS9OA+Ew5yXSDMT7RSgd3Q6lPAHiq/u5IiK/UyPd0pU+gr+a9ifif14qhe+EkPIhiYAGdPdSNBYYQT+LAHS4ZBTHShFDJ9V8x7RNJKOjQsjoEe37lRVIvl+zTUvnuLFe5SuPIoCN0jPLIRueogm5QFdUQRY/oGb2iN+PJeDHejY9Z6ZKR9hygPzA+fwDVoZSS</latexit>

x(t)
<latexit sha1_base64="7zjb0dQdYjtCcPEI9OhCNiXYuzw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokIqS5UUJBgrWBiLRB9SG1WO47RWnTiyHaAK/RQWBhBi5UvY+BvcNgO0HMny0Tn3ysfHTzhT2nG+rZXVtfWNzcJWcXtnd2/fLh20lEgloU0iuJAdHyvKWUybmmlOO4mkOPI5bfuj66nfvqdSMRHf6XFCvQgPYhYygrWR+nap5wseqHFkruxxUtGnfbvsVJ0Z0DJxc1KGHI2+/dULBEkjGmvCsVJd10m0l2GpGeF0UuyliiaYjPCAdg2NcUSVl82iT9CJUQIUCmlOrNFM/b2R4UhN05nJCOuhWvSm4n9eN9XhpZexOEk1jcn8oTDlSAs07QEFTFKi+dgQTCQzWREZYomJNm0VTQnu4peXSatWdc+qtdvzcv0qr6MAR3AMFXDhAupwAw1oAoEHeIZXeLOerBfr3fqYj65Y+c4h/IH1+QN5DJQh</latexit>

u(t)
<latexit sha1_base64="f20iJ5qPUzIfaqXaej+UMO2MSOE=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYVUliopSDBWsDAWiT6kNqocx22tOk5k34Cq0E9hYQAhVr6Ejb/BaTNAy5EsH51zr3x8/FhwDY7zbRXW1jc2t4rbpZ3dvf0Du3zY1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONPbjK/88CU5pG8h2nMvJCMJB9ySsBIA7vc9yMR6GlorjSZVeFsYFecmjMHXiVuTiooR3Ngf/WDiCYhk0AF0brnOjF4KVHAqWCzUj/RLCZ0QkasZ6gkIdNeOo8+w6dGCfAwUuZIwHP190ZKQp2lM5MhgbFe9jLxP6+XwPDKS7mME2CSLh4aJgJDhLMecMAVoyCmhhCquMmK6ZgoQsG0VTIluMtfXiXtes09r9XvLiqN67yOIjpGJ6iKXHSJGugWNVELUfSIntErerOerBfr3fpYjBasfOcI/YH1+QN0dJQe</latexit>

= (u1(t), . . . , uP (t))
<latexit sha1_base64="4Xgm7AoLcr/QVzAz5hXuyB2s6rg=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARWihlpgq6EYpuXFawD2iHIZNm2tDMg+SOUIa68VfcuFDErX/hzr8xbWehrQcCJ+fce5N7vFhwBZb1beRWVtfWN/Kbha3tnd09c/+gpaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3upn67QcmFY/CexjHzAnIIOQ+pwS05JpHV6XEtUtQruBePwJVwYnb0NeyaxatqjUDXiZ2RoooQ8M1v/QAmgQsBCqIUl3bisFJiQROBZsUeoliMaEjMmBdTUMSMOWksw0m+FQrfexHUp8Q8Ez93ZGSQKlx4OnKgMBQLXpT8T+vm4B/6aQ8jBNgIZ0/5CcCQ4SnceA+l4yCGGtCqOT6r5gOiSQUdGgFHYK9uPIyadWq9lm1dnderF9nceTRMTpBJWSjC1RHt6iBmoiiR/SMXtGb8WS8GO/Gx7w0Z2Q9h+gPjM8fz0iUjg==</latexit>

internal state

inputs

output
z(t)

<latexit sha1_base64="yMDvAOX3RfisbTcWklGysQCyK5c=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyQp16V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp12veRa1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDhiWN5Q==</latexit>

2 R
<latexit sha1_base64="HpMWqOMLKNAkwPZV4XOkypGRWc4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRV0GXRjcsq9gFNLJPppB06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadefXOd+95FKxSJxr6cx9UI8EixgBGsjPbhMIDfEeuz76V02qNbsuj0DWiZOQWpQoDWofrnDiCQhFZpwrFTfsWPtpVhqRjjNKm6iaIzJBI9o31CBQ6q8dJY6QydGGaIgkuYJjWbq740Uh0pNQ99M5gnVopeL/3n9RAeXXspEnGgqyPxQkHCkI5RXgIZMUqL51BBMJDNZERljiYk2RVVMCc7il5dJp1F3zuqN2/Na86qoowxHcAyn4MAFNOEGWtAGAhKe4RXerCfrxXq3PuajJavYOYQ/sD5/AGQcknE=</latexit>

J
<latexit sha1_base64="36Xn4kLMEpu1IvHdewT3gsNo0X4=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRlxVsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnjm8xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6d20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/uKGQ8g==</latexit>

recurrent connectivity = (Jij), 1  i, j, N
<latexit sha1_base64="WkJl01TANIML9wCksoF/YwP3Kqg=">AAACDHicbVC7SgNBFJ2NrxhfUUubwSBECGE3CtoIQRuxkAjmAckSZid3k0lmH87MCmGJvY2/YmOhiK0fYOffOEm20MQDA4dzzuXOPU7ImVSm+W2kFhaXllfSq5m19Y3Nrez2Tk0GkaBQpQEPRMMhEjjzoaqY4tAIBRDP4VB3Bhdjv34PQrLAv1XDEGyPdH3mMkqUltrZ3Fn+qh2z/uiwgB80LNzicIdZAfcLU3qNdcosmhPgeWIlJIcSVNrZr1YnoJEHvqKcSNm0zFDZMRGKUQ6jTCuSEBI6IF1oauoTD6QdT44Z4QOtdLAbCP18hSfq74mYeFIOPUcnPaJ6ctYbi/95zUi5p3bM/DBS4NPpIjfiWAV43AzuMAFU8aEmhAqm/4ppjwhCle4vo0uwZk+eJ7VS0Toqlm6Oc+XzpI402kP7KI8sdILK6BJVUBVR9Iie0St6M56MF+Pd+JhGU0Yys4v+wPj8AeaKmPk=</latexit>

input connectivity

(shape NxN)

(shape NxP)

output connectivity (shape 1xN)

I
<latexit sha1_base64="FmqUKniwlIiH+3MHeQ7rgpj9pT4=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7APbUjLpnTY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1FGiGDZYJCLV9qlGwSU2DDcC27FCGvoCW/74JvNbT6g0j+SDmcTYC+lQ8oAzaqz02A2pGflBejftl8puxZ2BLBMvJ2XIUe+XvrqDiCUhSsME1brjubHppVQZzgROi91EY0zZmA6xY6mkIepeOks8JadWGZAgUvZJQ2bq742UhlpPQt9OZgn1opeJ/3mdxARXvZTLODEo2fyjIBHERCQ7nwy4QmbExBLKFLdZCRtRRZmxJRVtCd7iycukWa1455Xq/UW5dp3XUYBjOIEz8OASanALdWgAAwnP8ApvjnZenHfnYz664uQ7R/AHzucPtxyQ8Q==</latexit> w

<latexit sha1_base64="sZ1ZbwUPvZ/SniHKOlVTgU72ST4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8lk0jY0kwxJxlKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxbea3n6jSTIoHM42pH+GhYANGsLHSYy+QPNTTyF7pZNYvV9yqOwdaJV5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPUMnVklRAOp7BEGzdXfGymOdBbNTkbYjPSyl4n/ed3EDK79lIk4MVSQxUODhCMjUVYBCpmixPCpJZgoZrMiMsIKE2OLKtkSvOUvr5JWrepdVGv3l5X6TV5HEU7gFM7Bgyuowx00oAkEFDzDK7w5E+fFeXc+FqMFJ985hj9wPn8AUxWTDA==</latexit>

I
<latexit sha1_base64="FmqUKniwlIiH+3MHeQ7rgpj9pT4=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7APbUjLpnTY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1FGiGDZYJCLV9qlGwSU2DDcC27FCGvoCW/74JvNbT6g0j+SDmcTYC+lQ8oAzaqz02A2pGflBejftl8puxZ2BLBMvJ2XIUe+XvrqDiCUhSsME1brjubHppVQZzgROi91EY0zZmA6xY6mkIepeOks8JadWGZAgUvZJQ2bq742UhlpPQt9OZgn1opeJ/3mdxARXvZTLODEo2fyjIBHERCQ7nwy4QmbExBLKFLdZCRtRRZmxJRVtCd7iycukWa1455Xq/UW5dp3XUYBjOIEz8OASanALdWgAAwnP8ApvjnZenHfnYz664uQ7R/AHzucPtxyQ8Q==</latexit>

w
<latexit sha1_base64="sZ1ZbwUPvZ/SniHKOlVTgU72ST4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8lk0jY0kwxJxlKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxbea3n6jSTIoHM42pH+GhYANGsLHSYy+QPNTTyF7pZNYvV9yqOwdaJV5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPUMnVklRAOp7BEGzdXfGymOdBbNTkbYjPSyl4n/ed3EDK79lIk4MVSQxUODhCMjUVYBCpmixPCpJZgoZrMiMsIKE2OLKtkSvOUvr5JWrepdVGv3l5X6TV5HEU7gFM7Bgyuowx00oAkEFDzDK7w5E+fFeXc+FqMFJ985hj9wPn8AUxWTDA==</latexit>
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u(t)
<latexit sha1_base64="f20iJ5qPUzIfaqXaej+UMO2MSOE=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYVUliopSDBWsDAWiT6kNqocx22tOk5k34Cq0E9hYQAhVr6Ejb/BaTNAy5EsH51zr3x8/FhwDY7zbRXW1jc2t4rbpZ3dvf0Du3zY1lGiKGvRSESq6xPNBJesBRwE68aKkdAXrONPbjK/88CU5pG8h2nMvJCMJB9ySsBIA7vc9yMR6GlorjSZVeFsYFecmjMHXiVuTiooR3Ngf/WDiCYhk0AF0brnOjF4KVHAqWCzUj/RLCZ0QkasZ6gkIdNeOo8+w6dGCfAwUuZIwHP190ZKQp2lM5MhgbFe9jLxP6+XwPDKS7mME2CSLh4aJgJDhLMecMAVoyCmhhCquMmK6ZgoQsG0VTIluMtfXiXtes09r9XvLiqN67yOIjpGJ6iKXHSJGugWNVELUfSIntErerOerBfr3fpYjBasfOcI/YH1+QN0dJQe</latexit>

x(t)
<latexit sha1_base64="7zjb0dQdYjtCcPEI9OhCNiXYuzw=">AAAB+nicbVC7TsMwFL3hWcorhZHFokIqS5UUJBgrWBiLRB9SG1WO47RWnTiyHaAK/RQWBhBi5UvY+BvcNgO0HMny0Tn3ysfHTzhT2nG+rZXVtfWNzcJWcXtnd2/fLh20lEgloU0iuJAdHyvKWUybmmlOO4mkOPI5bfuj66nfvqdSMRHf6XFCvQgPYhYygrWR+nap5wseqHFkruxxUtGnfbvsVJ0Z0DJxc1KGHI2+/dULBEkjGmvCsVJd10m0l2GpGeF0UuyliiaYjPCAdg2NcUSVl82iT9CJUQIUCmlOrNFM/b2R4UhN05nJCOuhWvSm4n9eN9XhpZexOEk1jcn8oTDlSAs07QEFTFKi+dgQTCQzWREZYomJNm0VTQnu4peXSatWdc+qtdvzcv0qr6MAR3AMFXDhAupwAw1oAoEHeIZXeLOerBfr3fqYj65Y+c4h/IH1+QN5DJQh</latexit>

J
<latexit sha1_base64="36Xn4kLMEpu1IvHdewT3gsNo0X4=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRlxVsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dlZW19Y3Ngtbxe2d3b390sFhU0eJYthgkYhU26caBZfYMNwIbMcKaegLbPnjm8xvPaHSPJIPZhJjL6RDyQPOqLHSYzekZuQH6d20Xyq7FXcGsky8nJQhR71f+uoOIpaEKA0TVOuO58aml1JlOBM4LXYTjTFlYzrEjqWShqh76SzxlJxaZUCCSNknDZmpvzdSGmo9CX07mSXUi14m/ud1EhNc9VIu48SgZPOPgkQQE5HsfDLgCpkRE0soU9xmJWxEFWXGllS0JXiLJy+TZrXinVeq9xfl2nVeRwGO4QTOwINLqMEt1KEBDCQ8wyu8Odp5cd6dj/noipPvHMEfOJ8/uKGQ8g==</latexit>

z(t)
<latexit sha1_base64="yMDvAOX3RfisbTcWklGysQCyK5c=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyQp16V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0lPVnA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp12veRa1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDhiWN5Q==</latexit>

Discrete-time equations

Continuous-time equations

I
<latexit sha1_base64="FmqUKniwlIiH+3MHeQ7rgpj9pT4=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7APbUjLpnTY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1FGiGDZYJCLV9qlGwSU2DDcC27FCGvoCW/74JvNbT6g0j+SDmcTYC+lQ8oAzaqz02A2pGflBejftl8puxZ2BLBMvJ2XIUe+XvrqDiCUhSsME1brjubHppVQZzgROi91EY0zZmA6xY6mkIepeOks8JadWGZAgUvZJQ2bq742UhlpPQt9OZgn1opeJ/3mdxARXvZTLODEo2fyjIBHERCQ7nwy4QmbExBLKFLdZCRtRRZmxJRVtCd7iycukWa1455Xq/UW5dp3XUYBjOIEz8OASanALdWgAAwnP8ApvjnZenHfnYz664uQ7R/AHzucPtxyQ8Q==</latexit> w

<latexit sha1_base64="sZ1ZbwUPvZ/SniHKOlVTgU72ST4=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Y8lk0jY0kwxJxlKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxbea3n6jSTIoHM42pH+GhYANGsLHSYy+QPNTTyF7pZNYvV9yqOwdaJV5OKpCj0S9/9UJJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPUMnVklRAOp7BEGzdXfGymOdBbNTkbYjPSyl4n/ed3EDK79lIk4MVSQxUODhCMjUVYBCpmixPCpJZgoZrMiMsIKE2OLKtkSvOUvr5JWrepdVGv3l5X6TV5HEU7gFM7Bgyuowx00oAkEFDzDK7w5E+fFeXc+FqMFJ985hj9wPn8AUxWTDA==</latexit>

⌧
dx

dt
= �x(t) + J�(x(t)) + Iu(t)

<latexit sha1_base64="H+0xRJZiUMskNKFk7cdz6TFv7Rk="></latexit>

x(t+ 1) = J�(x(t)) + Iu(t)
<latexit sha1_base64="tgGyXzECqPkbPsCDXUjSPikmWC8="></latexit>

xi(t+ 1) =
NX

j=1

Jij�(xj(t)) +
PX

p=1

W in
ip up(t)

<latexit sha1_base64="jhpn4x1ojZBptHtnoI8QmDk9XlA="></latexit>

J =
<latexit sha1_base64="W27Et0OtrjqfP0JFwKtZeyIuWWU=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzJTBd0IRTfiqoJ9QDuUTCZtQzOZIckoZeynuHGhiFu/xJ1/Y6adhbYeCDmccy85OX7MmdKO820VVlbX1jeKm6Wt7Z3dPbu831JRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77O/PYDlYpF4l5PYuqFeCjYgBGsjdS3yz0/4oGahOZKb6foEvXtilN1ZkDLxM1JBXI0+vZXL4hIElKhCcdKdV0n1l6KpWaE02mplygaYzLGQ9o1VOCQKi+dRZ+iY6MEaBBJc4RGM/X3RopDlaUzkyHWI7XoZeJ/XjfRgwsvZSJONBVk/tAg4UhHKOsBBUxSovnEEEwkM1kRGWGJiTZtlUwJ7uKXl0mrVnVPq7W7s0r9Kq+jCIdwBCfgwjnU4QYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkDxSaTqw==</latexit>
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Back to dynamical systems - flow fields
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(aka phase portraits)
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Long-term behavior of dynamical systems

Fixed points Periodic behavior Chaotic behavior

> 3 dimensions

[Steven Strogatz, Nonlinear dynamics and chaos] 
[Vyas et al., Computation through neural population dynamics, 2020]
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Example 1 - Hopfield networks
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To memorize a vector ,  use the connectivity matrix defined by:(vi)
<latexit sha1_base64="PAWT40zEVT/5dswupPZegwOiQME=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMeNBjBDcGkiXMTnqTIbOzy8xsIISAf+DFgyJe/SBv/o2Tx0ETCxqKqm66u8JUcG1c99vJra1vbG7ltws7u3v7B8XDo4ZOMsXQZ4lIVDOkGgWX6BtuBDZThTQOBT6Gg5up/zhEpXkiH8woxSCmPckjzqixkl8edvh5p1hyK+4MZJV4C1KCBeqd4le7m7AsRmmYoFq3PDc1wZgqw5nASaGdaUwpG9AetiyVNEYdjGfHTsiZVbokSpQtachM/T0xprHWozi0nTE1fb3sTcX/vFZmoutgzGWaGZRsvijKBDEJmX5OulwhM2JkCWWK21sJ61NFmbH5FGwI3vLLq6RRrXgXler9Zal2+zSPIw8ncApl8OAKanAHdfCBAYdneIU3RzovzrvzMW/NOYsIj+EPnM8fTNaOxA==</latexit>

Jij = vivj ie. J = vvT
<latexit sha1_base64="ThdhqYp4CHWJvXewgnbNDfrq33g="></latexit>
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Example 2: random RNNs
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Jij ⇠ N (0, g2/N)
<latexit sha1_base64="iHQdTEjBxqn13Te34KzsrqaKudY=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoIDWpgi4LLhQXpYJ9QBPDZDppx04ezEyEEgLu3Pgrblwo4tYvcOffOGm70NYDFw7n3Mu997gRo0IaxreWm5tfWFzKLxdWVtfWN/TNraYIY45JA4cs5G0XCcJoQBqSSkbaESfIdxlpuYPzzG/dEy5oGNzIYURsH/UC6lGMpJIcfffKSehdCi1BfWj5SPYxYkktLRmHsHdbOaodOHrRKBsjwFliTkgRTFB39C+rG+LYJ4HEDAnRMY1I2gnikmJG0oIVCxIhPEA90lE0QD4RdjJ6JYX7SulCL+SqAglH6u+JBPlCDH1XdWbHimkvE//zOrH0zuyEBlEsSYDHi7yYQRnCLBfYpZxgyYaKIMypuhXiPuIIS5VeQYVgTr88S5qVsnlcrlyfFKsXD+M48mAH7IESMMEpqIJLUAcNgMEjeAav4E170l60d+1j3JrTJhFugz/QPn8AAuGZlA==</latexit>

i.i.d.

g=0.5 g=5g=1.1
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Reverse-engineering RNNs
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Flip-flop task:

[Barak & Sussillo, Opening the black-box: low-dimensional dynamics in high-dimensional RNNs, 2013]
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Reverse-engineering RNNs

52

[Barak & Sussillo, Opening the black-box: low-dimensional dynamics in high-dimensional RNNs, 2013]
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Ongoing challenges
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[Saxe et al., If deep learning is the answer, what is the question?, 2021]
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Recent advances
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[Robert Yang et al., Task representations in neural networks trained to perform many cognitive tasks, 2019]
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Recent advances

55

[Mastrogiuseppe & Ostojic 2018, Beiran et al. 2021, Dubreuil, Valente et al 2022]

Train 
minimal-rank

RNN

Reverse-engineer
mechanisms

Construct classes 
of low-rank RNNs

Theory of low-rank networks

neuron i

= +...+
neuron j

a

b

low-rank decomposition

J =
<latexit sha1_base64="W27Et0OtrjqfP0JFwKtZeyIuWWU=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzJTBd0IRTfiqoJ9QDuUTCZtQzOZIckoZeynuHGhiFu/xJ1/Y6adhbYeCDmccy85OX7MmdKO820VVlbX1jeKm6Wt7Z3dPbu831JRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77O/PYDlYpF4l5PYuqFeCjYgBGsjdS3yz0/4oGahOZKb6foEvXtilN1ZkDLxM1JBXI0+vZXL4hIElKhCcdKdV0n1l6KpWaE02mplygaYzLGQ9o1VOCQKi+dRZ+iY6MEaBBJc4RGM/X3RopDlaUzkyHWI7XoZeJ/XjfRgwsvZSJONBVk/tAg4UhHKOsBBUxSovnEEEwkM1kRGWGJiTZtlUwJ7uKXl0mrVnVPq7W7s0r9Kq+jCIdwBCfgwjnU4QYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkDxSaTqw==</latexit>

m(1)
<latexit sha1_base64="w3X9dTSvLB2yFgNEai6fTz6WLds=">AAAB/XicdVBJSwMxGM3UrdatLjcvwSLUy5CpTjvHohePFewC7VgymbQNzSwkGaEOg3/FiwdFvPo/vPlvTBdBRR+EPN77PvLyvJgzqRD6MHJLyyura/n1wsbm1vZOcXevJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve+GLqt2+pkCwKr9Ukpm6AhyEbMIKVlvrFg54XcV9OAn2lQXaTlq2TrF8sIdOybISqEJlV5NQqtia2XbUdB1ommqEEFmj0i+89PyJJQENFOJaya6FYuSkWihFOs0IvkTTGZIyHtKtpiAMq3XSWPoPHWvHhIBL6hArO1O8bKQ7kNKCeDLAayd/eVPzL6yZq4LgpC+NE0ZDMHxokHKoITquAPhOUKD7RBBPBdFZIRlhgonRhBV3C10/h/6RVMa1Ts3J1VqqfL+rIg0NwBMrAAjVQB5egAZqAgDvwAJ7As3FvPBovxut8NGcsdvbBDxhvn/5tlZU=</latexit>

m(2)
<latexit sha1_base64="lYm0wmZaBwn3SjTdwTgvojr75Zw=">AAAB/XicdVBLSwMxGMz6rPW1Pm5egkWol2V3W9vtrejFYwX7gHYt2TRtQ7MPkqxQl8W/4sWDIl79H978N2bbCio6EDLMfB+ZjBcxKqRpfmhLyyura+u5jfzm1vbOrr633xJhzDFp4pCFvOMhQRgNSFNSyUgn4gT5HiNtb3KR+e1bwgUNg2s5jYjro1FAhxQjqaS+ftjzQjYQU19diZ/eJEX7NO3rBdOoOOVKpQpNw7JrjuVkxDmzSzVoGeYMBbBAo6+/9wYhjn0SSMyQEF3LjKSbIC4pZiTN92JBIoQnaES6igbIJ8JNZulTeKKUARyGXJ1Awpn6fSNBvsgCqkkfybH47WXiX143lkPHTWgQxZIEeP7QMGZQhjCrAg4oJ1iyqSIIc6qyQjxGHGGpCsurEr5+Cv8nLduwSoZ9VS7Uzxd15MAROAZFYIEqqINL0ABNgMEdeABP4Fm71x61F+11PrqkLXYOwA9ob58YTJWm</latexit>

Low-rank factorizations of connectivity
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Recent advances
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Low-rank factorizations of connectivity

ev
id

en
ce

 a
xi

s

choice axis

I
<latexit sha1_base64="Z58fASU4kroRCmRvnY4E0tEqqP4=">AAAB9XicdVDNS8MwHE3n15xfU49egkPwVNq1czsOvehtgvuArY40TbewNC1Jqoyy/8OLB0W8+r94878x3Sao6IOQx3u/H3l5fsKoVJb1YRRWVtfWN4qbpa3tnd298v5BR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+5CL3u3dESBrzGzVNiBehEachxUhp6XbgxyyQ00hf2dVsWK5YpuOeubU6tEy77tSchiZOzXI1sU1rjgpYojUsvw+CGKcR4QozJGXfthLlZUgoihmZlQapJAnCEzQifU05ioj0snnqGTzRSgDDWOjDFZyr3zcyFMk8mp6MkBrL314u/uX1UxU2vIzyJFWE48VDYcqgimFeAQyoIFixqSYIC6qzQjxGAmGliyrpEr5+Cv8nnappO2b12q00z5d1FMEROAanwAZ10ASXoAXaAAMBHsATeDbujUfjxXhdjBaM5c4h+AHj7RN/mJMt</latexit>

m
<latexit sha1_base64="YewimKnmSomkEyuwWu4ubB7OSxU=">AAAB9XicdVBLSwMxGMz6rPVV9eglWARPy+66pe2t6MVjBfuAdi3ZbNqGZpMlySpl6f/w4kERr/4Xb/4bs20FFR0IGWa+j0wmTBhV2nE+rJXVtfWNzcJWcXtnd2+/dHDYViKVmLSwYEJ2Q6QIo5y0NNWMdBNJUBwy0gknl7nfuSNSUcFv9DQhQYxGnA4pRtpIt/1QsEhNY3Nl8WxQKju253r1mgcd2/cqdc83xPPrVbcCXduZowyWaA5K7/1I4DQmXGOGlOq5TqKDDElNMSOzYj9VJEF4gkakZyhHMVFBNk89g6dGieBQSHO4hnP1+0aGYpVHM5Mx0mP128vFv7xeqoe1IKM8STXhePHQMGVQC5hXACMqCdZsagjCkpqsEI+RRFibooqmhK+fwv9J27Pdc9u79suNi2UdBXAMTsAZcEEVNMAVaIIWwECCB/AEnq1769F6sV4XoyvWcucI/ID19gm0kJNQ</latexit>

J =
<latexit sha1_base64="W27Et0OtrjqfP0JFwKtZeyIuWWU=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzJTBd0IRTfiqoJ9QDuUTCZtQzOZIckoZeynuHGhiFu/xJ1/Y6adhbYeCDmccy85OX7MmdKO820VVlbX1jeKm6Wt7Z3dPbu831JRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77O/PYDlYpF4l5PYuqFeCjYgBGsjdS3yz0/4oGahOZKb6foEvXtilN1ZkDLxM1JBXI0+vZXL4hIElKhCcdKdV0n1l6KpWaE02mplygaYzLGQ9o1VOCQKi+dRZ+iY6MEaBBJc4RGM/X3RopDlaUzkyHWI7XoZeJ/XjfRgwsvZSJONBVk/tAg4UhHKOsBBUxSovnEEEwkM1kRGWGJiTZtlUwJ7uKXl0mrVnVPq7W7s0r9Kq+jCIdwBCfgwjnU4QYa0AQCj/AMr/BmPVkv1rv1MR8tWPnOAfyB9fkDxSaTqw==</latexit>

Train 
minimal-rank

RNN

Reverse-engineer
mechanisms

Construct classes 
of low-rank RNNs

Theory of low-rank networks
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